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Optimal control of diphtheria epidemic model with prevention
and Ireatment
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*Corecpondmg autber eomuel: nakulscatimbznnel oom:

Abstyaet iptheriz b en indectioss, dangervus, and deadly Esease Thet spread through
Eroqlet ransmsion. Mevortheless, dmphibena can he prevenhsd by immosizabion: Sne ol many
ey b geam ety opmined dhe discos ix by poeftiog @ vacomes: [iphtheria vicgae stoubd
ke givem b kst thrmee fivees in ome's Tifetime amd will e efhaciive 77 gives veny tem Jsims.
ooy, df b zation progrm in deveicpmyg somdnics, s0ch as Indomesio; i o optiisal
sl i et in ome ol the emases ol the aohreak, Therefore, G iy weressany fo optimize the
mmimmiation. program. Inthis study, we poopese o mathemistical model v desoribe the
spréling of Sphitesia diseese. We formalite wn aptinal contral problem on ke SERE model
by iminieiag the spresding dlrowgh guarsmdinw and pptimize die proponion of yoaocins ol peope
threragh Ihe mmameation campaigs. The ahjeciive fincon % ivtended 8 iwinimiee the
|I'u.|'|'||55:|' i idecie] pesple, dhe el o Wcamesl o ysaranise ded il il zaricn
campaign. Pontrymgin Minimom Principls s ssed 4o g the claraeseristies of e solation of
cgiimal  eorel problems: poalvocably, sl B TevpSB &owsel 1w sole ghe  problsig
nammierieely. Basod mn the avadioal aid mimencal sshivions, oo fnond that dee aprimal sonnal
prtlem constrncied could mizimise the spread of the outbreak and i3 cost functan,

Ehﬁdﬁzﬁ.ﬂ-

Diphahoiia B an acune infecoogs disese eaised by a bagiena called Cormabacierim Diphiheriae,

This disease 1= wansfemsd throwgh drophets O very small doop ora Vigabd) oz infectsd individuad

Thi droplet transmisson mecurs when the infected cne coughs, sneeres, or even talks. The droples

fand o hands, or pdver suefases, that cone In close coneyet with the sosecpeible: ans. The
ission alse happers when shanng fiod o kitchen wbensds with the infiscted cnes,

AccordBe to the LIS Conters for Disesse Tontral and Prevention, diphrhena was one of the iz it
killers fwchibdren m the pre-vacoing e, The diphfhers vaceime wos developed in 1923, and the mtes
ol e prhllied b dissases deciined sagnilfeantly | 1), Ideally. dee vadcine s piven a3 seces shoe e 3
venes o eontiome fvery den woars Mometheless, the immunimalicn prograay e some - developing
conmbries & sl subopimal, snd it cagses tha oubeonk happen agam

Ad e end ol 3017, e diphieri oullneak gecurmad D Ddonesit, ab e 20 prevkaces ae affiecoed
by the disease Accnrdme to data from the Minstne of Haabh of Bepublic Indonesia, up to Movensher

W, diphtheri cases werd found 93 regencics and cities i 20 provinees: These provinees are
winalgra Baral Juwsa Tengah, Acele Sumatgra Selaem, Swlawesi Selann, Ralimanan Timir,. Ria,
Bunten, DKI Jakarin. Jaws Barel, ond Jawa Tumur, verall; there were 9534 cases and 34 -deaths. In




S0 B the b of diphtherk caves feackied [ 380 @ees, and t numbser of e deniles w29 easos
[2]. The nurmher of the cases in 201K inereased dmmatically compansd m the previons year, Whle on
DS, there where 550 cases. and 23 deaths waene 1eporied [.'!-j. A E precatlion azainst the ounbeeaks o
Chee Fiues, 05 pevssaary o snidy the diseass and the optitiization of the insmuiizstion progran,

The d_}'n-a'rnil::-i.nru.i contrids of tieeases have been stydied in the Beld of tical modeling.
Thie st mathematical medel For the epidemic spread & 578 mode], in which 5, £, aieé ihe nuamber
of susveptible. infected, find recaversd mdisdduals (4] 598 model have been elabomted o geretale
different types of epademic gyead model, such ax SEF, SEIR. SETS, SIRS, SEIT, SIQR, SEIRS, o
cesery [SHed TISISII00E 1) Variables & £ 0 & T, and F refiers w o snsceptible, cuposed, infeeied,
recovered, troatmest and guarmtine indseduals. Dimamical snabysis: of the mathumatical model =
it detemmiing behaviar oF the syster dwver me. The existence of the dontrol on 3B mode] =
proel, ad the ol control obiaimed by spalving Pentryagis Minimwms Princpic {91
o Miotivadid by abe fact of suboptional immunization in ndoreein and thoss preceding rsescarchee, this
sitely dinensses fpenvolbtmg o epttmal condral prohiem on & thiphtheria epecomic maide! with
VACCinAlon 45 prevention sl qEfantione as & teatncet. The aptimal coowol probéem Scomlation
involves thie ohjective fubetion B minimize the nioder of infectad people and the wom of die
i rention campaigns poul quaranting, The epbimel conirol probden: 0 sodved analytically. ond
rurericadly e obtain opimal comrel and swoe vanables. The solutdons are then ntepeeted aml
warfied with mediczl validiny. Fmally, the optimie! cantml vanobles ohtamed and be opplied o
pninimeze the apetad of dephoheria,

I, Methods

The maihemancal moded we propese-in this study, B2 modification of 1l former model, (ha given by
st | B [0, Whese varidbel W represemts wial popolaiion, panamsters @ o5 propoestion ol sacginmed
individual within population, ¢ iz birh ke, o & probubility of interction between'the susceplible

and infected, » & b of individual get gormntined eoch tove unit, and £ & the rote of recavery,

ey 3 &

W - hESRESe
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The: fimt theng we carry out 45 medelyng  dhe mathematicad nwsdel b give more rebevant
chamuterisiics of the srmrae'l-::-:l"d'inlﬂl'mlil digenes by considenmg other vurinhles and panimesens i the
syatem. Afber model medificaton, we fomulate the opienal cantroll probion amd solve @ by
Pontreagm Mimimum Principbs aad DOTewpSB [E2113] Beed oot aoalylical amd nemerica]
sistubrary- the aptimnng cemtral of the probbem s obinined. ond the resabl of this sudy iz concindod.

L Resalt and discussion
This seciion disarses the modifearon process, formaloon and solatten of the aptiol comirl
prodbens aadd puesieal sisulation,

b Aetbsena oo medlel




It thin spady, wi consider 0@ characienstics of diphthena disease @od s o aszurptions and
boamdanes |) Ones thotore livmg 0 erescded and ong§an condifions, who aren't well-nounshed,
childmen wonder 5 ae] adulis-over G veass obd; sspecgliy wlio doin’l e ap-to-ie vascinalkons, S0e &
high rigk of diphtheria infoctien: 23 Poophe whooimessst with the infesed one can e oapesed to the
dizenze, We mssume that all the exposed anes. al ncerzin noe, will he infected by ibe bacterin. Dunng
s peniad, the @xopoead enes will oot show any signe or svmpions. This period = cafled v an
incubation period; The sncubation period of diphtheno is 2-5 days. After thot period, carfy signs and
sympoms st tooappear, The infected omes e ofoet mibers for op e 4 wecks) 31 The infecrest
peeiple will get seme mepomens We assume all the weatmens and medicoroons are inclodgd in the
quarantine st 4F People in the quarantine period will necover ab & certain rude, 5} Pesple who pot
up-ti-ghate vaccmanens, and peophes whs sleady recovered fieom the indzetion are asumed o v
urnEiniy e diphihetias 6F The number of populimion. s i by die populion growth ra - and
el veomality sete. T Toosimplity the medel, we asaime the death sate due 10 diphtlvena & cgoal o
the mibura |l et akity. e
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Figure 1. Compartment dizarum of the model

Considering: those preceding as<om 15 and Bourdaries, we clesify the @l numhe of

poprulation £ inbe five aibpopalations.. Lel Susceptible (3] Expossd (E), Tnfscied (1), Cuamntine
(e and Recovenzd (£}, apd abiuin o matbematical mode]l piven by sysomf 25
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Whers parammeier i represents the satural increase rate, & copresents natisal mortality rade, & 5
the probability of isterction hetween the susceptible and infocted, 5 &5 the infiection rate, 7 & the
Banslling of readmend e (hesste of idvedoal gt quaraniimed each tise unit), and 2 is the mae of
RGO




I-'unh-:nrwz;. pet-dirnersacnal anabysis o0 the pestem (21 allowa e 10 rewrite the meded by the

i~ . " g
fyedtarh £33, Lt J=£.- p=— f=—, q:g. angl ¢ = — arg non-dimensiona | varidbles,
N ~ ~ N ¥ .

then system (2) rould be written a2 the system (3) Where 5. & 1, ¢, and r represent the
propertion of ghe number of individual i each sishpopualation,
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1 this subsecibon, we foamubae oo optinal conteel probbens wo minboiee he spresd of diphkthera
dizense, Ong focter that could suppress the i of tie spread s by opiimizing the freamient sale of
infevied people. Hesafes the frantment rote, pnother Bctar that caarses thee spread of infechons dissse
is the subopiimal fmmunizstion. Thus, the properion of the people whiv got an ap-te-dare vaccoe
must be phproved. We asaume that the number of proportion could ke moreased by fhe mmunization
canguten. When people understand the impormance of immanization, i will cocoumge thenh o pet o
vaeine

Lt thee effart of the Bamuiization compaipn beconsidenal-as g vomiel sariobbe s ond the ate of
Creiuing e 96 4 coptrol variahbe w, Thew considenng thoes ros conrol vanables, o, and -, Giste the
sysbemy | 2, wo obinin the sysbern b he controllod, thad s
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Therefere, e main components of this opfinal conmol probilen ane
I The mathematucal descnption offhe process W he coniraled is the sstem (40,
I The objectlve fascieos ol the optindl Comrol poolfem, which i e ounimlae e el of
itfzeted subpopaktion, the et of treatment, avd Enmunization cepaign, The w0 ef sreansent and




imirnkzation sanpEions ang assnid o b relaced o the total expended cnergs i the sveter, Thos,
the ohjesive Finction is mathematically txposssed as cquation {5)

min ..f=f.l'[.rl-.--flu"l;n+i.:4,'='nde (3]
. e

whiers O wnd 5 urg theis weighting laciors

3 The eonstmints of e sabe and coatroll varighles are SOE D QLR =0, ety <1 — g, o
02 eey =L Whish nacans, invominization campaign could iereass th peiceniogs of vetving ecipicnt
covvgrage, we te | B e, wheve podepends on the inknal vaceine recipient covernge, AL the same e,
the weatment ran could haradle up o W% ol the infeened seopl.

I8, Puiwagle ivtrder o ool we oo
iizing Pontrypmn Mmamum Principle [12] on the opdmal cenbrol probfens formuladed in subsechion
32, e oAk qu.ulll!d‘u-: anal svaem (AL (L [H]-i;'i'}. ara] 1100,

i Pontryagen & fumction.
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4. Costile equations:

A =—%=ml,t+r.‘ég,—;1'.{,r
AH
N LR S A B
= P, w8k -
i, =—%=—1+aﬁ.&‘—4:m—i_.1ri—Jl.ﬂi—,l'!_,u, (1
2 "
A= -Eﬁ = o, +d 8 —gd,
£
& =—i = A5
[

a
With: imitial wonditons, S =5, , EMI=F, N®0=[,, =0 BB =R &0 =d,
U, = A and A =4 = ) = 00 = A (=10,

Sulving equitttans {4 10} will obtaim the optinml controds and leads to the aptemal sestem {47 with
cibgectivg 10 function &5, Equesion {Th imgdees that the value of optimal contiol e (ovmarization
ciempnigm) i affected By 4 {popolation growth maty, ond eptimal conmeod g mmtment kel =
affecind by the number of infectod people (/) Nevertheless: cguations (6. (7 8k (20 ond {10) ame
ponlincar systee, and 11 is ricky o Fend the solutoen anaiyviscally. Thus, we compudc | memencally ks
find the sofutioms of the prablem. The nsels of numericnl comuuiations are discussesd m subsachon
LT

A Mraresdomd Simimdaildn

This section dmiare the necolts of numeree] siondation by asing DOTevpS B (131 The: simulaions
dare i wsEg |hcqu.sn sompoenetts of the satimael contrel probbom, The simulasiaes are sxanured by
seiting & = 095, B 000 = 005, (k =0, By = 00, an mal condition nf exch subpapuiation, In ather
weards, i The beginnine, te vumber of @ bofected sabpopalation s 5% of e togl pooulation, and de
renEimng A are susecplible. The salue of cach paraimeter is shown in ible 1. Séme of the
pammeters ussd are bnkeon from the former researches, amnd somee A |'I:I'E|I:L"li!-itl!‘| fram warons daln
SOMUCES

Tabée 1. Parancters of thie systonm.
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Frusre 2. The frjectery. of stote variables when the proportion of
vicgimated  individoal  withm popelation is 50%  (hedore
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Fignre % The trajeciony of stake varkbles when the proportion of
vaccinated imdividuals. withm the pepulation s 50% (afer
aplimizEt e,

W constder i Gases ol the problem. Case I ocolrs wihen the propadined ob vaecinaiad
individuals within the’ pepolation, before the mupunization campaign, is far from the sregic plan
barged 2020, whieh iz 93% (g = 005 12 In Case 1, v corsider the covdrage OF cotplet busic
immmnization. i anss that covers 50% of the mfants (p = 6,5 While i Case 2 we consider o
condsxin when the coverage i 9% fp = 0.9, These scenarios are meant & show e differomce in




cprimeal control ebtained i sach sibtion, For Case §, the dimaladions ae shovm it figoves 2, Yoand 4,
And for Case 2, the results ane povirinesd 10 Fipane 5.7,

e KL

't 19 = W a0 & ®m  om B0 80 1o
T
re 4. The profile of opiimal control wanabies whei the
propaiion of vaccinated individuals wighin the popaiiation iz 3P

In figure 2. it & kown that & = 0413, & = 0036, 5 = 1039 ¢h = 0, ond & = 0004, In ather
wards, when the immunization coverops i 5%, und there is no campsign 0 develop thie covernpe nor
yuarantine ooy the jeleciod, the number ol infocied anes menssses froo 5% ke LAY conspared o the
enitial cogudibon, the cxposced (nereases from 0% we 348%, the mreovered reaches 4%, Adier
cpdine zakiom through campaipn and quarantime, o (s knoam from Figure 3 that 5 = 0456, & = 0024,
I == AL G = 005, wd By = 331, Thes meeans by murunicaton campeign and *ua:muliuf.', the
rannher of the mnfecied decresses from 5% o0 1%, the exposuna s 1.2% fess than before cgbimization,
ard e recovered reaches 133%. Figure 4 shows the optinml value of vaccirsmion campalges aond
trenungnt over fims, In the beginnirg of tine, the frcutmen wo = DTS, wenn dosenhill fo ez = 014,
then bounced back to ui = 31, ond Grally stabilueed ot @5 leavest level, 1 = 001, that shuuld handle
T trestinent of 10% of #ue ol pogulnon over Timd Witk the carmpaign slow by meiases Tom oy =
MLRE2 oy = S with the inccasing of the infectod numb, then decreases when the mimiber shewks
g donn, s Fenalby siabil ad ar (0,

Stmifar t0 the G cuse, the scenanio of the second cose are dizplaved in figars 5, 6.and 7. Befone
the optimizaton, the vidue of vach state variables oothe Gnadl time s, 5 = (0, £ = [T, 5 =
Meadghe= Boamd B = 1,13), Froti the result i is keowwn that the saraber of mfected ones inoreases
fromy 3% o 66, 5%, and 1he recovered reached L1E3% And after the optimization, the value vickiod are,
5 o= D073, E = 00020 = D05, g = 0001, and £ = 1646 The profike of aptimal woniral
vanables in Case 2, which i shown i figure 7 s clightly diffeeent o figore 4, At the cavlier tiow
ghown in figuse 7, the campakpn, slowls mees o g = 0061 W w0 = 0007, hen continug W dechalse
il i i glese sere. While the treatinent s = (L 18R decreased fo g = 0,80 then climbed up w0 =
32, imd Fnaly stehibzmd ot s lowest Teval 1 = 0,8 & stark differerce e in the time it trkes for
the curve 1o Fie and fall, then Tmally sthbe mogs Towes podnr The other difference & seen in dic
decrense 0 the curves, These differences mply it b higher coverage of eomphoe basic
immaEEm K moan ared, the sooner on cuthrenk could be: hamdbsl  Furthesmore, @ comparson




brovogiy the pradibe of apaimel contrel variabies an both vascs, s ehovem thar the coveage of vaccing
recepierd inereasad by doing the compimgn, from S0% b 535% i Crase | amd From 909 1o DA% in Case
XA the weatimend rate could bsmbhe 10-38%000 Case [ and F32% i Case 2 These pememagds
enay segm fow, bt the walues ore the optimsal value pesdiad do optirmies the svetem with the ahjective
of mminTiring the costs,
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Figmre ®. The trapectory of slate vanables when the proportion of
veceinated iadividuals withm  the pogulition s 0% {before
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Frgnre &, The trajestory of sote variables when the proportise of
vaconaied:  sdividals  within the popudation | ke 900 (afier
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fifgpare 7. The profile of optimal control wvariabies when the
propaction af vaccinated msdwidual=within the popobstian i SF,

A comparzn bomween the manlts of tho cascs & presened inable 20 Comipariag the values of
bBefiore and =h crnizatior mofable 2, we koow that the optimal contel problen appled o the
syanenn i alile Gy Enrsiee the nuiber of 2 recoversd subpopalasen 2nd redoce e nonber of Qe
infiseted, the gxposal, and 85 objective fanction (fom 9206 a8 i Case |and 684 w50 i Case 2,
Whilst companing the values ol both ¢ases, it i= shawn thint the mumber of 8 ecoversid subpopulation
Cage 2 1% sefatively high even before thee opimizacion, This onplics that even withowr dwe
EmE A R S, the coverage of basie inwrwneestion () = aleady bigh oo thar the number of
recovernl subpambations hefore ihe opimizaten could became quite highe The value of 5 affects the
eifort w maximies the yoverage of vaccioe redpivnis. The kigher @ does, she besseffor il takes o
maximize the coverage by doing o compatzn, and vice versa,

Table 2. Comparizan ol the stare variables on fnal tme, before and afier aptiral conmoliing

Case: | s 3

Eafowe Adier Helore Afier
Susceplible T Pl LEF X DEE3T (LATFEnd
Eaposd (3 WR5TS LLE R DTN (4022
Infecied e TN et D BEE (41515
(ranruntine TR ey {518 [N (A0S
Becoversd (b A [y BE IISE 154613

(Fijective NEsCLion YRR ERR I B i i) 543461k




4, Concluslon

Fram the. result and disc@@ion, we conclude that the sptmmal confrol prebiem Formmbated in this stude
succezds in-mminimlkzing e mombser of infecied peoples the cost OF ded cafipaizn, aced the weainsent,
Conmpanine the copss i1 s Keewi ther the kigher progortion of vascirmned individualz v the ingial
Hme, b, hefone the corppargn, the legs cost nesded 10 prevent the autbrepk, and vice verss The vakie
of epfimal cortrol variables varis-over time The effon of the ingunization canypeign is affected by
the papalaticgrowth rabe, while the freatnsent e is uffected by the number of irfected people. With
the abjectrve #r muninniae the pumber of isfEcted petple and the cost meimed, the apiemal efie of
imn@eaton campaign shouid develop 5-0% of the coverage of complete basic immunizaion o an
area, and the opimal number 6F infected prople that should bé quarantnedis [1D-32%.
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